I. INTRODUCTION
Recently there arouse a number of interests on Finsler geometry, and it has a great variety of physical applications, such as special and general relativity [1] , classical mechanics [2] , path integral [3] , field theories [4] , string duality [5] , thermodynamics, fluid dynamics [6] and so on. A Finsler manifold (M, F ) is a natural extension of a Riemannian manifold. M is a (n + 1)-dimensional differentiable manifold and F = F (x, dx) is a Finsler metric, which is a function of (x µ , dx µ ). Here the coordinates x µ and 1-forms dx µ are treated as coordinates of tangent bundle. We consider the subbundle D(F ) ⊂ T M where F (x, dx) is well defined.
F (x, dx) satisfies the homogeneity relation of degree 1,
A Finsler metric F gives a Lagrangian of point particle and its action is defined by the geometrical length of the oriented curve c on M as where the Lagrange multiplier λ = λ(x, dx) comes from the homogeneity of F , Eq. (I.1).
The non-linear connection N µ α (and ∇) are defined [7] by
which leads
where F ab is the inverse of the n × n space components of F µν = 
the K is called quasi-Killing vector field. When B = 0, K is just called Killing vector field on Finsler manifold. Here K µ and B are homogeneous of degree 0 with respect to dx.
∂ ∂x µ is the quasi-Killing vector field satisfying L K F = dB, we have the conserved quantity on a solution curve c. Killing symmetry (or vector fields) and the corresponding conservation laws, called
Noehter's theorem, on Finsler manifold are given in ref. [9] . We give their covariant (reparametrization-invariant) form in more simple way than the usual presentation [10] .
Definition: By using the non-linear connection N µ α , spray operator δ to a general function
The δ-operation may be regarded as a kind of variation since it is obtained by replacing
∂dx µ . From the definition of Finsler non-linear connection [7] given in the introduction
we have the identity
Its derivative by dx ν leads
where we used Eq. (II.4) in the last equality.
We propose another formulation of Killing symmetry on Finsler manifold.
Definition: Non-linear 1-form is a homogeneous function of degree 1 with respect to dx.
Killing 1-form is a non-linear 1-form which satisfies
Theorem: When K ♭ is Killing 1-form, δK ♭ = 0, we have a conserved quantity:
Proof: Both K ♭ and F are 1st-order homogeneous function and satisfy δK ♭ = 0, δF = 0.
µ ∂J ∂dx µ = 0, and it has homogeneity of degree 0, dx
The conserved quantity J is independent of choices of parameters. The Killing 1-form K ♭ as well as the Killing vector field K describe the conserved quantity. Both are related with each other:
Proposition: When Killing non-linear 1-form K ♭ is represented in the form
with some functions K µ (x, dx) and B(x, dx), correspondingly we obtain the quasi-Killing
where on shell means x µ and dx µ are on a solution curve c, satisfying the Euler-Lagrange
equation (I.3).
Proof: Since δF = 0,
where by using Eq. (II.6) the 3rd and 4th term in RHS of the 1st equation is rewritten to the 1st term of the next. When on-shell 0 = d 2 x ν + 2G ν − λdx ν , and the K ν and B are homogeneity 0 functions, we obtain
When δK ♭ = 0 the conserved quantity J = Definition: When Killing non-linear 1-form takes 
where ∇ is covariant derivative defined by Finsler non-linear connection.
where we used 2G ρ = N ρ µα dx µ dx α . The conservation has already been proved in Eq. (II.8).
B. Riemannian case and Carter constant
In Riemannian case F = g µν (x)dx µ dx ν , ∇ becomes usual Riemannian covariant derivative and N ρ µα = Γ ρ µα . Thus, K µ 1 ···µp (x) in Eq. (III.1) which satisfies ∇ (µ K µ 1 ···µp) (x) = 0 becomes the ordinary Killing tensors in this case. By taking the arc length parameter
. This is the ordinary conserved quantity made from Killing tensors along geodesics.
Proposition: When K µ 1 ···µp (x) is Killing tensor on Riemannian manifold, ∇ (µ K µ 1 ···µp) = 0,
is the quasi-Killing vector field, satisfying
Proof:
Using the above relation, the 3rd and 4th terms of the last equation of (III.5) is rewritten.
Then, we get
Since K ν 1 ···νp satisfies ∇ (ν 0 K ν 1 ···νp) = 0, the generalized vector Eq. (III.4) is the quasi-Killing vector, satisfying L K F = dB, even without using on-shell condition.
Carter constant is the conserved quantity along the geodesic motion of point particle under Kerr spacetime. It is derived from the 2nd-rank Killing tensor in Riemannian geometry.
The Kerr metric is simply given by using vierbein as
where ρ 2 = r 2 +a 2 C 2 , ∆ = r 2 +a 2 −2Mr, and C, S = cosθ, sinθ. The Killing tensor, denoted
, is read off from the Carter constant [11, 12] as
The quasi-Killing vector field corresponding to the Carter constant is given by
which satisfies, from the last proposition, the relation (III.7) with p = 2 as
We checked the above equation is actually derived from Lie derivative of the vector field 
C. Runge-Lentz vectors in classical mechanics
We can invent a way of finding the Runge-Lentz vectors in Newtonian system, by using the Killing non-linear 1 form K ♭ . Classical Lagrangian system is treated in Finsler geometry with the metric
which satisfies the 1st-order homogeneity relation F (x, λdx) = λF (x, dx). The equation (I.6) leads the non-linear connection [7] 
with space-component a = 1, 2, 3. We adopt a different ansatz of the 2nd-rank Killing tensor
by considering the non-relativistic nature of the system. Then, 
